We investigate second harmonic generation, low-threshold multistability, all-optical switching, and inherently nonlocal effects due to the free-electron gas pressure in an epsilon-near-zero 
I. INTRODUCTION
Recent interest in ENZ materials has been motivated by the possibility of controlling antenna directivity 1, 2 and achieving perfect couplers through electromagnetic tunneling in subwavelength, low permittivity regions. 3, 4 ENZ materials may also be used to achieve enhanced harmonic generation, 5, 6 optical bistability, 7, 8 and soliton excitation . 9 The efficiency of harmonic generation is boosted in subwavelength ENZ slabs because the electric field is enhanced at the interface with a higher-index substrate. 5, 6 This non-resonant enhancement occurs at oblique incidence for transverse magnetic (TM) polarization and is triggered by the continuity of the component of the displacement field normal to the interface. 10 At low irradiance levels, subwavelength ENZ slabs exhibit anomalous multistability and directional hysteresis, 7 so that even a weak nonlinearity can dominate the optical response. Although ENZ conditions occur naturally near the plasma frequency of any material (at visible and UV wavelengths for metals and semiconductors, and in the infrared range for dielectrics), artificial materials are advantageous because ENZ conditions may be engineered at virtually any wavelength. Waveguides operating near their cutoff frequency 11, 12 and "rodded" media 11, 13 exhibit plasma-like behavior by displaying near-zero effective permittivity. The strong electric dipole resonance of composite materials made of either periodic or random arrangements of metallic nanoparticles leads to ENZ effective condition. 14 The imaginary part of the permittivity limits the performance of ENZ materials for both linear 3 and nonlinear optical applications. To circumvent this hurdle one may include gain material in the mixture, as suggested in Refs. 15 and 16 . Active, fluorescent dyes introduced inside the cores of plasmonic nanoshells arranged in 3D periodic arrays may indeed suppress the imaginary part of the effective permittivity. 17 A mixture of metal-coated quantum dots dispersed in a dielectric matrix leads to similar behavior. [18] [19] [20] If the zero-crossing frequency of the real part of the effective permittivity turns out to be close to the center emission frequency of the active medium, then real and imaginary parts of the permittivity are simultaneously minimized. In this paper we exploit this approach to study an ENZ metamaterial based on a two-dimensional (2D) array of metallic, cylindrical nanoshells with gain medium embedded inside the cores. The array is designed by using effective medium approximation techniques, complex Bloch-mode analysis, and full-wave numerical simulations (summarized in Appendix A). The standard, local, homogenization procedures of the type discussed in Refs. 17 and 18 are used only as instrumental tools for the initial design of the bulk metamaterial properties because homogenization techniques adequately describe finite-thickness, metamaterial slabs of the kind described in this paper only for very small angles of incidence (5º or less). Strong spatial dispersion and fine spectral features sets in for larger angles, requiring a full-wave approach.
This effective nonlocal behavior is strictly related to the mesoscopic nature of the array and its finite thickness, which is in turn enhanced by the very low damping in the system. Spatial dispersion phenomena are investigated by performing a complex Bloch-mode analysis of the finite-thickness array. In our approach we limited our study to the plane of incidence perpendicular to the plasmonic cylinders' axis, so that the electric dipole resonance becomes comparable to that achieved in three-dimensional (3D) arrays of spherical nanoshells. 21 For this reason transmittance, reflectance and absorption spectra that we report are similar to those observed in in Ref. 21 , for 3D arrays of spherical nanoshells. However, in Ref. 21 the nature of the resonant spectral features is not analyzed or discussed. In contrast, here we expand the discussion by providing a full explanation of the physics behind these features and show how they influence nonlinear and nonlocal phenomena. In addition to a pseudo-Brewster mode responsible for the ENZ behavior of the slab, here we report additional low-damping, leaky modes that impact the slab response at oblique incidence. We thus identify two new channels for the enhancement of local fields and nonlinear processes in the low-damping regime: the first is related to the forced excitation of what we call a "pseudo-Brewster mode" near the pseudoBrewster angle (Sec. II); the second is associated with the forced excitation of leaky modes supported by low-loss, finite-thickness ENZ slabs (Sec. III). We then turn to the discussion of nonlinear effects, i.e., enhancement of second harmonic generation (SHG) conversion efficiency originating from the metallic shells, low-threshold optical multistability and switching (Sec. IV).
Even though we show that favorable conditions for SHG conversion efficiency are met near the pseudo-Brewster angle where local fields are maximized because of a forced excitation of the pseudo-Brewster mode, interestingly, we predict that optimal conditions for SHG conversion efficiency are rather met when effective nonlocal effects induced by leaky modes dominate the slab response. We then show that the large, angular and frequency selectivity of the tunneling effect triggered by the pseudo-Brewster mode, as well as the boost of electric field under these circumstances, lead to favorable conditions for enhancing self-phase modulation phenomena and inducing low-irradiance switching.
Finally, we discuss the role of inherent nonlocal effects induced by the free-electron gas pressure in the metallic nanoshells (Sec. V). The phenomenology of nonlocal contributions of free electrons on the optical response of nanoscale plasmonic structures has been widely discussed in literature. [22] [23] [24] [25] [26] [27] [28] Typical manifestations of the nonlocal, free-electron gas pressure are blue shift and broadening of plasmonic resonances, anomalous absorption, 29 unusual resonances above the plasma frequency, 25 and limitation of field enhancements. 28 These effects are more pronounced when the electron wavelength (~1 nm) becomes comparable to the radius of curvature of metallic nanostructures or to the distance between the metal boundaries of larger structures. Here we use both analytical and full-wave tools to show that these phenomena are magnified in ENZ arrays of metallic nanoshells, in the low-damping regime. We find that additional damping and limitations on field enhancements due to the inherent nonlocality arising from free-electron gas pressure may be mitigated by slightly increasing the gain in the nanoshells' cores.
II. LINEAR PROPERTIES OF 2D ARRAYS OF CYLINDRICAL NANOSHELLS: FIELD ENHANCEMENT AT THE PSEUDO BREWSTER ANGLE
The geometry of a 2D array of cylindrical nanoshells is sketched in Fig. 1 . Each cylinder has a core of radius 1 r with absolute permittivity 1  , and a shell of external radius 2 r with absolute
Sketch of the ENZ slab illuminated by a TM wave. The slab is 4a thick in the z direction, and periodic in the x direction with period a. The structure is assumed to be invariant in the y direction. The unit cell (inset) consists of a cylinder with metallic nanoshell. The core of the shell is a mixture of a dielectric and an active, gain medium.
The source field is a plane wave with transverse magnetic (TM) field, i.e., electric field lying in the plane of incidence (x-z plane). The scattering problem is studied on the x-z plane (with period a in both x and z directions); the structure is assumed to be invariant in the y direction and surrounded by a medium with absolute permittivity h  . We retrieve the effective permittivity of the structure by using four methods, described in Appendix A: (1) Maxwell Garnett (MG) mixing formula; (2) We note in Fig. 2 that the complex Bloch-mode analysis and the NRW retrieval procedure yield almost identical effective parameters. These methods are considered the most accurate to characterize wave propagation since they are based on full-wave expansions. There are some intrinsic limitations in the MG and QS approximations, related to the fact that the period is not However, in Fig. 3 we also observe additional features in the full-wave results near 422 THz, but we postpone their discussion to Sec. III. Two opposite features are observed and discussed here.
The large impedance mismatch at the slab interface around 422 THz is due to the ENZ condition that increases the impedance near the emission frequency. In contrast, reflectivity is quenched within a very narrow angular bandwidth centered at the PB angle [31] [32] [33] relative to the interface between the surrounding silica-like medium and the slab. We refer to this region of low we overlap the frequency-dependent PB angle calculated using Eq. (1). The PB angle curve follows the maximum transmission angle even for a four-layers-thick slab, adding credence to the idea that non-resonant, quasi-impedance-matching occurs at the interface between the transparent substrate and the ENZ slab at near-zero input angles. 
III. EFFECTIVE NONLOCALITY: ADDITIONAL MODES OF THE ENZ SLAB
In the previous section we showed that the dominant spectral effect in the ENZ slab of The nature of these new spectral features is revealed by investigating the free, complex Bloch modes supported by the slab in the x direction. These modes are found by using the complex Bloch mode analysis technique described in Appendix A. We find the modes with Bloch wave vector in the direction ˆ v x and set a unit cell with lattice translation vector ˆa  R x as in Fig.   6 (a). The slab is sandwiched by the silica-like host medium as in Fig. 1 , and the unit cell is terminated in the ± z directions with perfectly matched layers 36 adapted to the host medium.
These terminations "absorb" leaky modes, i.e., radiating modes within the light cone of the host medium with real part of the complex transverse wavenumber absorptance map of the ENZ slab, as shown in Fig. 7(a) . We note that the analytical expression of the PB angle in Eq. (1) predicts the tunneling angle through the slab only in the limit of the effective medium approximation shown in Fig. 4(b) . Instead, the PB mode dispersion in Fig.   7 (a), evaluated via Bloch theory for the unit cell in Fig. 6(a) , is in excellent agreement with the more complicated dispersion of the PB tunneling (transmission) region resulting from full-wave numerical simulations. In general, the impact of the free modes on the spectral response of the ENZ slab is significant when the imaginary part x  is low. This is further enhanced when the effective material damping is lowered thanks to the active material in the nanoshells' cores.
However, it should be pointed out that both the low-damping ENZ condition and the excitation of the leaky modes M1, M2 and M3 may be similarly attained by using any low-loss plasmonic material, without resorting to active gain inclusions within the metamaterial. is adequate for angles up to 5° (Fig. 5) , where the dominant mode of the slab is the PB mode. M2 and the PB mode: both show even symmetry. We stress that the number of additional modes, their spectral positions and dispersions strictly depend on slab thickness, i.e., the number of periods in the z direction. Under these circumstances, the definition and the determination of an effective nonlocal permittivity are not straightforward, and may not even be necessary.
Homogenization including nonlocal effects is discussed in Refs. 42 and 43, but certain structures also require the introduction of Drude type transition layers or sheets that account for the transition between free space and the homogenized bulk metamaterial, 44 further complicating the analysis. For this reason we perform a complex Bloch mode analysis of the finite-thickness structure that provides a full physical interpretation of the spectra retrieved via full-wave numerical simulations, as shown in Fig. 7 . Moreover, the excitation of additional modes by phase-matched plane waves is inhibited when damping in the metamaterial is large since modal attenuation constants would be larger. A more detailed discussion of the nature and dispersion of these additional leaky modes is not the focus of this work and hence postponed to future investigations.
IV. ENHANCEMENT OF HARMONIC GENERATION AND LOW-THRESHOLD OPTICAL BISTABILITY
The efficiency of nonlinear processes generally depends on local field intensity. In subwavelength structures the requirement of high field localization is essential. We now show the amount of field magnification that can occur in subwavelength ENZ slabs. In previous sections we have demonstrated that two different linear phenomena may be observed in a slab composed of cylindrical nanoshells under low-damping conditions: (1) an impedance-matching, PB effect, and (2) the presence of narrow resonances mediated by additional slab modes. In both cases the slab displays enormous field enhancement accompanied by strong field localization around the nanoshells, as shown in Fig. 7(b) . The efficiency of harmonic generation is thus expected to increase significantly. As described in Refs. 10 and 45, homogeneous ENZ slabs with small Im( ) eff  display transmittance spectra with narrower angular selectivity. In addition we find that the strong chromatic dispersion of the PB mode wavenumber relative to the 2D array of nanoshells (see Fig. 2 ) leads also to a pronounced frequency-selective transmission process. In Fig. 8 we plot the angle-frequency map of the maximum electric field enhancement factor (EF) for the same slab of cylindrical nanoshells with active gain analyzed in Sec. II and Sec. III. Fig. 1 versus frequency and angle of incidence around the zero crossing point of the real part of the effective permittivity.
FIG. 8. Maximum electric field enhancement factor (EF) inside the slab shown in
The maximum EF is defined as
r is the electric field amplitude inside the ENZ slab (evaluated by means of full-wave, FEM simulations), and 0 E is the amplitude of the incident plane wave. We have also verified that a plot of the EF, where EF is now averaged over each elementary cell, reproduces the same trend shown in Fig. 8, after replacing the scale maximum with 22 instead of 60. We observe that the peaks of maximum EF follow the dispersion of the PB mode and the three additional modes in Fig. 6 . For the dye concentration and pump rate used in this paper one has a remarkable EF  60, mainly due to zpolarized fields. For comparison, we stress that EF  1 in the absence of gain, in the same range.
A. Boosting SHG from the plasmonic nanoshells at the PB angle
By adopting the hydrodynamic model for free electrons in the silver nanoshells, the induced current density obeys the following spatio-temporal differential equation
supplemented by the continuity equation . force; the last term is due to gas pressure. SHG is studied at low input irradiances of the fundamental field, and so we adopt the undepleted pump approximation. We postpone the analysis of nonlocal contributions to harmonic generation to Sec. V.
We transform Eq. (2) By combining this result with the one in Fig. 9 (a) one may infer that this harmonic generation enhancement is due to the forced excitation of the PB and the additional modes supported by the ENZ slab.
B. Optical multistability at the PB angle
For angles of incidence smaller than 5   and frequencies in the range 420-424 THz, the main response of the ENZ slab is due to the PB mode, as one may infer by inspecting either Fig.   5 or Fig. 7(a) . In this small angular region the homogenization of the slab with an effective medium approach is valid (Sec. II), since additional modes M1-M3 do not significantly affect the incident plane wave. In order to investigate multistability near the PB angle we consider the slab described by the homogeneous effective permittivity reported in Fig. 2 , obtained via the NRW retrieval method. We assume the slab exhibits an effective, cubic, nonlinear susceptibility The constitutive relation then includes self-phase modulation, so that the electric displacement field in the slab is:
The nonlinear polarization is represented by the second term on the right hand side of Eq. (4).
There are two concurrent conditions that trigger low-threshold multistability: (i) the nonlinear polarization is amplified near the PB angle thanks to local field intensity enhancement; (ii) the nonlinear polarization may easily become the dominant response of the ENZ slab, as the linear permittivity vanishes.
7, 51
Multi-valued solutions of transmittance, reflectance and absorptance at the fundamental frequency are retrieved by using the graphical method outlined in Ref. 52 . We consider a fixed, small incidence angle ( 2.9    ), and incident frequencies in a region (420. 5 The nonlinear transmittance, defined as the ratio of intensities, is plotted in Fig. 10 The results in Fig. 10(a) show that the input irradiance may be used as a control parameter to shift the PB angle of the slab, which in turn may be employed as a low-power optical switch. This is illustrated in Fig. 10 
V. IMPACT OF THE INHERENT NONLOCAL RESPONSE OF THE NANOSHELLS
The ENZ metamaterial slab outlined above was optimized to boost field enhancement and nonlinear phenomena. In particular, the amount of damping compensation regulated by the volumetric dye concentration was tailored to minimize losses based on a local response for the 5-nm-thick metallic nanoshells. In this section we return to the linear properties of the slab and include inherent nonlocal effects. All nonlinear terms present in the hydrodynamic model, Eq. 
We assume the Fermi velocity of free electrons in silver is 6 Fermi 1.39 10 m/s. v   Equation (5) is coupled to the standard Helmholtz equation for the electric field which accounts for the response of bound electrons. 53 As an additional boundary condition for the current density, required by the presence of the nonlocal term in Eq. (5), we impose ˆ0 f   n J at the two concentric circular boundaries limiting the metallic shells (see Fig. 1 ), wheren is the unit vector normal to these boundaries. The effective relative permittivity is then evaluated with the FEM, Analogous descriptions of inherent nonlocal phenomena in core-shell nanoparticles can be found in Refs. 24, 54-56. We ascribe the differences reported in Fig. 11 The narrow resonances mediated by leaky modes M1-M3 (see Fig. 7 (a)) are also affected by the inherent nonlocality, as we have verified using full-wave numerical simulations that include the nonlocal model [Eq. (5)] for free electrons. In particular, we recognize two effects related to the increased damping due to the nonlocality: (i) spectral and angular broadening of the resonances mediated by the modes M1-M3, as well as the PB mode, and (ii) a decrease of the maximum EF from  60 in the limit of local response for free electrons to  15 when the nonlocality is included. This implies a corresponding decrease of the average EF from  22 to  4, which directly impacts nonlinear phenomena by lowering their efficiency. However, by adopting a simplistic but qualitative description one may note that this detrimental effect is due to an increase of the imaginary part of the permittivity, and in the small detuning of the real part of the permittivity, so that the magnitude of ε eff /ε 0 is slightly larger. Nevertheless, one may still exploit the main features of the inclusion of gain in the shells' cores to rebalance the negative effect of nonlocality. For example, in this particular case a slight increase of dye concentration from 6.75 mM to 6.975 mM neutralizes the extra damping due to electron gas pressure, thus helping to restore both the effective low-damping ENZ and correspondingly strong electric field EF to values we predicted in the limit of the local model.
VI. CONCLUSIONS
We have investigated the field enhancement capabilities of an ENZ slab illuminated at oblique incidence with TM-polarized light. The metamaterial is composed of a 2D array of cylindrical nanoshells. In particular, we consider ENZ materials with low-damping that can be obtained by resorting to active gain material included in the core of the shells. Low-damping (i) favors impedance matching and electric field enhancement near the pseudo-Brewster angle of the slab and (ii) triggers an effective nonlocal response mediated by additional leaky modes observable as narrow, resonant, Fano-like states in the angular-frequency transmission or absorption spectra.
We demonstrated that these low-damping induced effects may be exploited to boost second harmonic generation from metallic nanoshells. We also showed low-threshold optical multistability and switching by exploiting large field enhancement of the non-resonant, pseudoBrewster mode for small angles of incidence. Finally, we investigated the role of the nonlocal response associated with free-electron gas pressure and, while we observed lowering of field enhancement factors near the zero-crossing point, we also found that the use of an active gain material can compensate additional damping due to the nonlocality.
APPENDIX A. RETRIEVAL METHODS FOR THE EFFECTIVE PERMITTIVITY OF THE METAMATERIAL SLAB
The complex effective permittivity of the structure in Fig. 1 has been retrieved by using the four different methods detailed below. Comparisons are also provided and discussed in the main body of the paper.
A.1 Maxwell Garnett (MG) effective medium theory
We calculate the polarizability of a single cylindrical nanoshell by assuming only dipolar given. Once the polarizability is known, the evaluation of the absolute effective permittivity of the 2D array follows by applying the MG mixing rule
where 1/ N S  is the number of cylinders per surface unit, S is the area of the unit cell, and L=1/2 is the depolarization factor for the circular symmetry of the particle (coated cylindrical inclusion). Note that in Eq. (7) we subtract the radiation loss term   
A.2 Quasi-static (QS) approximation
The QS retrieval method is described in Ref. 60 
